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Abstract The steady flow of a Jeffrey fluid model in the
presence of nano particles is studied. Similarity transfor-
mation is used to convert the governing partial differential
equations to a set of coupled nonlinear ordinary differential
equations which are solved numerically. Behavior of
emerging parameters is presented graphically and dis-
cussed for velocity, temperature and nanoparticles fraction.
Variation of the reduced Nusselt and Sherwood number
against physical parameters is presented graphically. It was
found that reduced Nusselt number is decreasing function
and reduced Sherwood number is increasing function of
Brownian parameter Nb and thermophoresis parameter Nt.
Keywords Jeffrey fluid model  Nanofluid flow 
Stretching sheet  Brownian motion  Thermophoresis 
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Introduction
Study of non-Newtonian fluids over a stretching surface
achieved great attention due to its large number of appli-
cation. Infact, the effects of non-Newtonian behavior can
be determined due to its elasticity, but sometimes rheo-
logical properties of fluid are identified by their constitutive
equations. In view of rheological parameters, the consti-
tutive equations in the non-Newtonian fluids are more
complex and thus give rise the equations which are com-
plicated than the Navier–Stokes equations. Many of the
fluids used in the oil industry and simulate reservoirs are
significantly non-Newtonian. In different degree, they
display shear-dependent of viscosity, thixotropy and elas-
ticity (Pearson and Tardy 2002; Ellahi and Afza 2009;
Ellahi 2009).
The study of two-dimensional flow over a linear
stretching surface achieved great interest due to its particle
application in engineering and industrial area for expand-
ing and contracting of surfaces such as stretching/shrinking
wrapping, bundle wrapping, hot rolling, extrusion of sheet
material, wire rolling, glass fiber, metal packaging and
aluminum bottle manufacturing processes, etc. Initially,
Crane (1970) presents the concept of stretching sheet and
obtained the closed form solution for the flow of viscous
fluid over a stretching surface. Concept of boundary layer
flow over a moving surface is presented by Sakiadis
(1961). Later on many authors extended the idea of
stretching sheet for different fluid models (Nadeem and
Hussain 2010; Nadeem et al. 2011, 2012; Noor et al. 2010;
Hashim et al. 2008).
Recently, nanofluids have achieved admirable attention
due to its practical applications. Nanofluids are actually
homogenous mixture of base fluid and nanoparticles. The
concept of nanofluids refers to a new kind of heat transport
fluids by suspending nano-scaled metallic and nonmetallic
particles in base fluids. Few examples of common base
fluids are water, organic liquids (e.g. ethylene, tri-ethylene-
glycols, refrigerants, etc.), oil and lubricants, bio-fluids,
polymeric solution and other common liquids. Initially, the
name of nanofluid was presented by Choi (1995), in which
he described the suspension containing ultra-fine particles
(diameter less than 50 nm). Xuan et al. (2003) applied
the theory of Brownian motion and diffusion-limited
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aggregation model to simulate random motion and the
aggregation process of the nanoparticles. Nanofluid for
heat transfer along with the thermal conductivity for vari-
ous materials was discussed by Cheng (2009). Initially,
Khan and Pop (2010) discussed the effects of nanoparticles
for stretching sheet. In his article, he described the laminar
fluid flow over a stretching sheet in a nanofluid. After this,
Khan and Aziz (2011) perform for natural convection flow
of a nanofluid over a vertical plate with uniform surface
heat flux. Similarity reductions for problems of magnetic
field effects on free convection flow of a nanofluid past a
semi-infinite vertical flat plate has been discussed by Ha-
mad et al. (2011). Large numbers of investigation have also
taken related to the exponentially stretching sheet for
nanofluids. Initially, Nadeem and Lee (2012) discussed the
boundary layer flow of nanofluid over an exponentially
stretching surface. Later on many investigations related to
the nanofluids for various fluid models are presented
(Sebdani et al. 2012; Ma 2012).
In this paper, our main objective is to investigate Jeffrey
fluid model for nanofluid over a stretching sheet. Only few
articles related to the nanofluid for non-Newtonian models
are considered (Domairry et al. 2012). The governing systems
of partial equations have been transformed to set of coupled
ordinary differential equations with the help of suitable
similarity transformations and boundary layer approach. The
reduced equations are solved numerically. The pertinent
parameters of nano non-Newtonian fluid are discussed
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Fig. 1 Effects of b and k on velocity profile f 0ðgÞ, temperature
profile hðgÞ and nanoparticle fraction uðgÞ, respectively
η














Nb = 0.3, 0.5, 0.7
(a)
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Nt = 0.3, 0.5, 0.7
(b)
Fig. 2 Effects of Nb and Nt on temperature profile hðgÞ and
nanoparticle fraction uðgÞ, respectively
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through graphs and compare it with table. The expression for
local Nusselt number and local Sherwood number also
counted numerically and discussed through graphs.
Problem formulation
Consider two-dimensional steady incompressible fluid past a
stretching sheet. In addition, nanoparticles effects are satu-
rated, while sheet is stretching with the plane y ¼ 0. The flow
is assumed to be confined to y [ 0. In the present case, we
assumed that sheet is stretched with the linear velocity
uwðxÞ ¼ ax, where a [ 0 is constant and x axis is measured
along the stretching surface. The boundary layer equations of






















































































where u and v denote the respective velocities in the x and y
directions, respectively, q
f
is the density of the base fluid, m
is the kinematic viscosity of the fluid, r is the electrical
conductivity, q being the density of the fluid, k and k1 are
ratio of relaxation to retardation times and retardation time,
respectively, a is the thermal diffusivity, T the fluid
temperature, C the nanoparticles fraction, Tw and Cw are
the temperature of fluid and nanoparticles fraction at wall,
respectively, DB the Brownian diffusion coefficient, DT is
the thermophoretic diffusion coefficient, s ¼ ðqcÞpðqcÞf is the ratio
between the effective heat capacity of the nanoparticles
material and heat capacity of the fluid, C is the volumetric
volume expansion coefficient, qp is the density of the
particles, when y tends to infinity then the ambient values
of T and C are denoted by T1 and C1. The associated
boundary conditions of Eqs. (2)–(4) are as follows:
u¼uwðxÞ ¼ ax; v¼ 0; T ¼ Tw; C ¼Cw at y¼ 0;
u¼0; v¼ 0; u
y
¼ 0; T ¼ T1;C ¼C1 as y!1:
ð5Þ
Introducing the following similarity transformations,
w ¼ðamÞ1=2xf ðgÞ; hðgÞ ¼ T  T1
Tw  T1
uðgÞ ¼ C  C1







where the stream function w is defined as u ¼ owoy and v ¼
owox: Making use of Eq. (6), equation of continuity is
identically satisfied and Eqs. (2)–(4) along with (5) take the
following form:
f 000 þ bðf 002  ff 0000Þ þ ð1 þ kÞðff 00  f 0 2Þ ¼ 0; ð7Þ
h00 þ Pr½f h0 þ Nbðh0u0Þ þ Ntðh0Þ2 ¼ 0; ð8Þ
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Le = 2.0, 3.0, 4.0
(b)
Fig. 3 Effects of Pr and Le on temperature profile hðgÞ and
nanoparticle fraction uðgÞ, respectively
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u00 þ Le Prðf u0Þ þ Nt
Nb
h00 ¼ 0; ð9Þ
f ð0Þ ¼ 0; f 0ð0Þ ¼ 1; f 0ð1Þ ¼ 0; f 00ð1Þ ¼ 0 ð10Þ
hð0Þ ¼ 1; hð1Þ ¼ 0; ð11Þ
uð0Þ ¼ 1; uð1Þ ¼ 0: ð12Þ
In these expressions b ¼ k1c is Deborah number, Pr ¼ ma
is Prandtl number, Nb ¼ ðqcÞPDBðuwu1ÞmðqcÞP represents the
Brownian motion, Nt ¼ ðqcÞPDTðTwT1ÞmðqcÞP thermophoresis
parameter, Le ¼ a
D
B
the Lewis number. Expressions for
the local Nusselt number Nu and the local Sherwood
number Sh are defined as,
Nu ¼ xqw
aðTw  T1Þ ; Sh ¼
xqm






















Dimensionless form of Eq. (13) takes the form
Re1=2x Nu ¼ h0 0ð Þ; Re1=2x Sh ¼ u0 0ð Þ; ð15Þ
where Rex ¼ uwðxÞx=m is local Reynolds number based on
the stretching velocity uwðxÞ:
Numerical technique
The system of coupled non-linear coupled differential
equations (7)–(9) along with the boundary conditions (10
and 12) is solved numerically using fourth-order Runge–
Kutta–Fehlberg method with a shooting technique. The
step size Dg ¼ 0:001 is used to obtain the numerical
solution with gmax; and accuracy to the fifth decimal place
as the criterion of convergence. The boundary value
problem function,
y0 ¼ f ðx; yÞ; a x b; ð16Þ
is subject to the two-point boundary value problem:
bcðyðaÞ; yðbÞÞ ¼ 0: ð17Þ
The approximate solution SðxÞ is a continuous function
that is cubic polynomial on each subinterval ½xn;   xnþ1 of
the mesh a ¼ x0\x1\x2\   \xN ¼ b: It satisfies the
boundary conditions as follows:
bcðSðaÞ; SðbÞÞ ¼ 0; ð18Þ
and it also satisfies the following differential equations at
both ends and mid-point of each subinterval:
S0ðxnÞ ¼ f ðxn; SðxnÞÞ: ð19Þ
Table 1 Comparison of
numerical values for local
Nusselt number Re1=2x Nux in
the absence of non-Newtonian
effects, i.e., (b ¼ k ¼ 0Þ when
Pr ¼ 10 and Le ¼ 1
Nb = 0.1 Nb = 0.3 Nb = 0.3
Khan (2010) Present study Khan (2010) Present study Khan (2010) Present study
Nt ; -h0(0) ; -h0(0) ; -h0(0) ; -h0(0) ; -h0(0) ; -h0(0) ;
0.1 0.9524 0.95247 0.2522 0.25223 0.0543 0.05433
0.3 0.5201 0.52013 0.1255 0.13554 0.0291 0.02918
0.5 0.311 0.32110 0.0833 0.08336 0.0179 0.01794
Table 2 Comparison of
numerical values for local
Sherwood number Re1=2x Sh in
the absence of non-Newtonian
effects, i.e., (b ¼ k ¼ 0Þ when
Pr ¼ 10 and Le ¼ 1
Nb = 0.1 Nb = 0.3 Nb = 0.3
Khan (2010) Present study Khan (2010) Present study Khan (2010) Present study
Nt ; -/0(0) ; -/0(0) ; -/0(0) ; -/0(0) ; -/0(0) ; /0(0) ;
0.1 2.1294 2.12946 2.4100 2.41002 2.3836 2.38362
0.3 2.5286 2.52861 2.6088 2.60881 2.4984 2.49847
0.5 3.0351 3.03515 2.7519 2.75199 2.5731 2.57313
Table 3 Comparison of
numerical values for local
Nusselt number Re1=2x Nux and
the local Sherwood number
Re1=2x Sh in the presence of the
effects of non-Newtonian fluid
when k ¼ 0:5; b ¼ 0:5; Pr ¼ 10
and Le ¼ 1
Nt = 0.1 Nt = 0.3 Nt = 0.5
Nb; -h0(0) ; -/0(0) ; -h0(0) ; -/0(0) ; -h0(0) ; -/0(0) ;
0.1 1.710019 -0.763686 1.302975 -2.308676 0.990168 -2.798262
0.3 1.144226 0.311453 0.845832 0.042291 0.628085 0.003197
0.5 0.708856 0.499848 0.509359 0.439533 0.370789 0.458568
0.7 0.402155 0.562068 0.282112 0.563054 0.202194 0.591438
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S0ððxn þ xnþ1Þ=2Þ ¼ f ððxn þ xnþ1Þ=2; Sððxn þ xnþ1Þ=2ÞÞ:
ð20Þ
S0ðxnþ1Þ ¼ f ðxnþ1; Sðxnþ1ÞÞ: ð21Þ
These conditions result in a system of nonlinear
algebraic equations for the coefficients defining SðxÞ,
which are solved iteratively by linearization. Here SðxÞ is
a fourth-order approximation to an isolated solution yðxÞ,
i.e., jjyðxÞ  SðxÞjj Ch4, where h is the maximum of the
step sizes hn ¼ xnþ1  xn and C is a constant. For such an
approximation, the residual rðxÞ in the ODEs is defined by
rðxÞ ¼ S0ðxÞ  f ðx; SðxÞÞ: ð22Þ
Mesh selection and error control are based on the
residual of the continuous solution. The relative error
tolerance was set to 10-10 In this method, we have chosen
a suitable finite value of g ! 1, namely g1 ¼ gmax ¼ 10 .
Results and discussions
In the present section, we discussed the emerging param-
eters such as Deborah number b; ratio of relaxation to
retardation times parameter k, Prandtl parameter Pr,
Brownian parameter Nb, thermophoresis parameter Nt and
Lewis number Le for velocity profile f 0ðgÞ, temperature
profile hðgÞ and nanoparticles fraction uðgÞ: Figure 1a
depicts the behavior of b on velocity profile, temperature
profile and nanoparticles fraction. It is seen from Fig. 1a



















































































Fig. 5 Effects of Nb and Le on reduced Nusselt number
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increases, while the boundary layer thickness decreases. On
the other hand, with an increase of b; both temperature and
nanoparticles fractions profile reduces. From Fig. 1b, the
effects of k on velocity, temperature and nanoparticles
fraction show opposite behavior when compared with that
in Fig. 1a. It is postulated that the increase in elastic
parameter will increase the resistance of fluid motion. So in
the absence of non-Newtonian effects the present model
reduces to the Newtonian model for nanofluid, which
present excellent agreement of Khan and Pop (2010). In
Fig. 2a and b, we discussed the behavior of both temper-
ature profile hðgÞ and nanoparticles fraction uðgÞ for two
main parameters of nanoparticles Brownian motion Nb and
thermophoresis parameter Nt. Hypothetically, enhanced
thermal conductivity of a nanofluid is mainly due to
Brownian motion which produces micro-mixing. As
expected temperature is an increasing function of Brown-
ian parameter (see Fig. 2a). Whereas, large values of
Brownian parameter it reduced the nanoparticles fractions.
On the other hand, it is observed from Fig. 2b for higher
values of thermophoresis parameter Nt that both tempera-
ture and nanoparticles fraction are increasing. Compara-
tively, it is examined from Fig. 2a and b, that there is an
enhancement in temperature with respect to large values of
both Brownian and thermophoresis parameter, while
opposite behavior can be observed for nanoparticles frac-
tion with the increase of Brownian and thermophoresis
parameters (see Fig. 2a, b) The effects of Prandtl number
Pr on hðgÞ and uðgÞ can be seen in Fig. 3a. Since Pr is ratio
of viscous diffusion rate to the thermal diffusion rate,
higher Prandtl number reduces the thermal diffusivity.














































































Fig. 7 Effects of Nb and Le on reduced Sherwood number
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Fig. 3a that for higher values of Pr it decreases, the both
temperature and nanoparticles fractions. It is also illus-
trated from Fig. 3b that both temperature and nanoparticles
fraction shows the opposite behavior for higher values of
Le.
Tables 1 and 2 present the excellent correlation of the
mention problem with the Khan and Pop (2010) for local
Nusselt number h0ð0Þ and Sherwood number u0ð0Þ: It is
observed from Tables 1 and 2, in the absence of non-
Newtonian effects the present model reduces to the New-
tonian model for nanofluid. Table 3 presents the numerical
values of both Brownian motion and thermophoresis
parameters in the presence of non-Newtonian parameters
ðb ¼ k ¼ 0:5Þ; when Pr ¼ 10 and Le ¼ 1. Effects of
physical parameters on non-dimensional Nusselt number
h0ð0Þ and Sherwood number u0ð0Þ are also presented
through Figs. 4, 5, 6, 7. From Figs. 4 and 5, for increasing
values of Brownian motion parameter it reduces the Nus-
selt number h0ð0Þ for different values of Pr and Le. In both
the cases, either we take higher values of Pr (see Fig. 4a, b)
or higher values of Le (see Fig. 5a, b). The same sort of
behavior can be seen on reduced Nusselt number h0ð0Þ for
higher values of Brownian motion parameter Nb. From
Figs. 6 and 7, Sherwood number u0ð0Þ increases with an
increase in Brownian motion parameter Nb. So it is
observed from this phenomena that there is low thermal
conductivity for higher Prandtl number.
Conclusions
In the present study, we have presented the effect of
nanoparticles for Jeffrey fluid over a stretching sheet. The
effects of elastic parameter, Brownian motion and ther-
mophoresis parameters are also discussed. Numerical
solutions for velocity, temperature and nanoparticle frac-
tion are developed and discussed. The main results of
present analysis can be listed below.
• Effects of b and k are opposite for velocity and
temperature profile.
• Both Pr and Le give same behavior for temperature.
• Effects of Nb and Nt for temperature profile are similar
• Effects of Nb and Nt for nanoparticle fraction are
opposite.
• The magnitude of the local Nusselt numbers decreases
for higher values of Nb.
• The magnitude of the local Sherwood numbers
increases for higher values of Nb.
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